
The Poisson Summation Formula

Suppose f ∈ C(Rn) satisfies

|f(x)| ≤ C(1 + |x|)−n−ε, |f̂(ξ)| ≤ C(1 + |ξ|)−n−ε

for some C > 0, ε > 0, where f̂ is the Fourier transform of f i.e.

f̂(ξ) =

∫
Rn

f(x)e−2πix·ξ dx (ξ ∈ Rn).

Then ∑
k∈Zn

f(x+ k) =
∑
κ∈Zn

f̂(κ)e2πiκ·x,

where both series converge absolutely and uniformly on n-torus Tn
(
≃ [− 1

2 ,
1
2 )

n
)
. In particular, taking x = 0,

we obtain a formula ∑
k∈Zn

f(k) =
∑
κ∈Zn

f̂(κ).

Proof. Since

∫
Rn

(1+ |x|)−n−ε dx converges, so series
∑
k∈Zn

(1+ |k|)−n−ε < ∞ does. Hence, series
∑
k∈Zn

f(x+ k) and∑
κ∈Zn

f̂(κ)e2πiκ·x converge absolutely and uniformly.

Let Pf, pκ be

Pf(x) =
∑
k∈Zn

f(x+ k), pκ =

∫
Tn

Pf(x)e−2πiκ·x dx.

Then pκ is a κ-th Fourier coefficient of Pf and

pκ =

∫
Tn

Pf(x)e−2πiκ·x dx

=

∫
Tn

∑
k∈Zn

f(x+ k)e−2πiκ·x dx

=
∑
k∈Zn

∫
Tn

f(x+ k)e−2πiκ·x dx (∵ uniform convergence)

=
∑
k∈Zn

∫
Tn+k

f(x)e−2πiκ·(x−k) dx

=

∫
Rn

f(x)e−2πiκ·x dx (∵ k · κ ∈ Z)

= f̂(κ).

Then by Fourier series of Pf , the formulas∑
k∈Zn

f(x+ k) =
∑
κ∈Zn

f̂(κ)e2πiκ·x,
∑
k∈Zn

f(k) =
∑
κ∈Zn

f̂(κ) (x = 0).

are proved. ■


