The Poisson Summation Formula

Suppose f € C(R™) satisfies
[f(@)] < CA+ )5 | f@ < Ca+]g) ™

for some C' > 0,& > 0, where f is the Fourier transform of f i.e.

f© =] fl@)e ™= dx (£ €R").
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S fak) = 3 flrermie,
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Then

where both series converge absolutely and uniformly on n-torus T™ (: [—%, %)”). In particular, taking x = 0,

we obtain a formula R
Yo fk) =) fw)
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Proof. Since / (14 |z|)~""° dx converges, so series Z (1+k|)™™° < 0o does. Hence, series Z f(z+k) and
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Z f (k)e*™ T converge absolutely and uniformly.
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Let Pf,p. be
=3 f@Hk)pe= | Pfla)e " da.

kezn T

Then p,, is a k-th Fourier coefficient of Pf and
Dr 7/ Pf( ) 727rm-:1:d
/ Z f + k —2TiKk-T dx

" kezn

Z f(z + Ek)e?™" gy (- uniform convergence)
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_ Z / f(x)e—%rm-(w—k) dr
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flx)e ™ T dy (- k-k €Z)
]Rn
= f(%).

Then by Fourier series of Pf, the formulas

> fa+k) = Z R)ETEEN " f(k) =Y f(k) (2 =0).
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are proved. W



